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Abstract
This article continues a line of research aimed at solving an im-
portant problem of T. Kobayashi of the existence of compact Clifford-
Klein forms of reductive homogeneous spaces. We contribute to this
topic by showing that almost all symmetric spaces and 3-symmetric
spaces do not admit amenable compact Clifford-Klein forms (with sev-
eral exceptions). Our basic tool is a combination of the Hirzebruch
proportionality principle with the theory of syndetic hulls. Using this,
we prove a general theorem which yields a sufficient condition on the
non-existence of compact Clifford-Klein forms in terms of the Pon-
tryagin classes of some vector bundles naturally related to the given
homogeneous space G/H.
MSC: 57S30, 22F30, 22E40, 22E46.
1 Introduction
Assume that we are given a non-compact homogeneous space G/H of a re-
ductive real Lie group G and a closed subgroup H ⊂ G. If there exists a
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discrete subgroup Γ ⊂ G which acts properly and co-compactly on G/H
by left translations, we say that G/H admits a compact Clifford-Klein form.
The problem of determining which reductive homogeneous spaces admit such
forms goes back to Calabi and Markus and was formulated as a research pro-
gram by T. Kobayashi. The main inspiration for the research presented in
this paper are the works [12], [13] and [14]. In [14] the problem was explicitly
formulated as follows: does a symmetric space admit compact Clifford-Klein
forms? In general, the problem is still not solved, neither for symmetric
spaces, nor for other wide classes of homogeneous spaces . In [14] various
ways to attack it are discussed (for example, Theorems 2.2.1, 2.3.1, 2.4.1,
Corollary 3.5.9, Corollaries 3.6.4 and 3.6.5). Also, this article contains sev-
eral important conjectures on the (non)existence of compact Clifford-Klein
forms of symmetric spaces, as well as a description of general methods of the
theory of Clifford-Klein forms: criteria of properness of the group actions
and obstructions. In this article we focus on a question: what algebraic con-
ditions should be satisfied by a discrete subgroup Γ ⊂ G, if it yields a compact
Clifford-Klein form? The latter question is partially motivated by a theo-
rem of Y. Benoist [2]. In the latter article, it was shown that no nilpotent
group can act properly and co-compactly on a non-compact semisimple ho-
mogeneous space. Note that not much is known about the possible algebraic
properties of discrete groups that may yield compact Clifford-Klein forms:
the main examples are lattices in closed subgroups L ⊂ G of a given Lie
group G and their deformations [9],[11]. Also, [5] contains an approach via
the word hyperbolic groups acting by the Anosov representations. In our line
of thinking the results of the present article continue [3], were we have proved
the same type of generalization of Benoist’ theorem for homogeneous spaces
G/H , whereH is a semisimple part of a centralizer of a torus in G. It is worth
noting that our approach to the problem differs from that of [3] and might
be of independent interest. We use a result of T. Kobayashi and K. Ono [12]
(which the authors call the Hirzebruch proportionality principle), together
with an approach to the Clifford-Klein forms via syndetic hulls [23]. Thus, we
combine topological methods with methods of the theory of algebraic groups,
in order to understand the algebraic properties of Γ. This combination of
methods yields new series of examples of homogeneous spaces G/H with no
compact amenable Clifford-Klein forms: these are pseudo-Riemannian sym-
metric spaces (with three exceptions) and pseudo-Riemannian 3-symmetric
spaces (in the sense of Wolf and Gray [26], [27]), with one exception. Note
that we say that a homogeneous space G/H admits an amenable compact
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Clifford-Klein form, if there exists a discrete amenable subgroup Γ ⊂ G act-
ing properly discontinuously and co-compactly on G/H by left translations.
Our approach is based on a general theorem which is an application of the
Hirzebruch proportionality principle, and may be of independent interest. It
yields a sufficient condition on the non-existence of compact Clifford-Klein
forms in terms of the Pontryagin classes of some vector bundles naturally
related to the given homogeneous space G/H . To formulate it, we need to
refer to Subsection 2.4 for the detailed explanations. Here we briefly recall
the following. Let K be a maximal compact subgroup of G. Choose it in
a way that KH = K ∩ H is a maximal compact subgroup of H . Consider
the corresponding Lie algebras g, k, h and kH . Take a Cartan decomposition
g = k + p. There is an orthogonal (with respect to the Killing form of g)
decomposition
g = kH + k
⊥
H + pH + p
⊥
H
where pH = p ∩ h. Consider the vector bundle
G×KH (p
⊥
H + pH) → G/KH
with fiber pH + p
⊥
H and the structure group KH acting on the fiber by the
adjoint representation. For any vector bundle E → M denote by pi(E) the
i-th Pontryagin class of E. Assume that G/H admits a solvable Clifford-
Klein form Γ and let B be a (connected) syndetic hull of Γ (the definition
and the basic facts about syndetic hulls are given in Subsection 2.3). Let g,
h, b be the Lie algebras of G,H,B, respectively. As usual, we consider the
Lie algebra cohomology H∗(g,R) and the relative cohomology H∗(g, b,R).
Denote by ΓH a co-compact lattice in H (it exists because H is reductive).
It is easy to see that MB := ΓH\G/B is a compact manifold of dimension
dimMB := n.
Theorem 1. Let G/H be a non-compact reductive homogeneous space of
a semisimple linear Lie group G. Assume that G/H admits an amenable
compact Clifford-Klein form. Then it admits a solvable Clifford-Klein form
with a syndetic hull B and the following holds.
i) The map Hn(g, b,R) → Hn(g,R) induced by the inclusion Λn(g/b) →֒
Λn(g) is injective.
ii) rank G > rank H.
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iii) pi(G×KH (p
⊥
H + pH)) = 0 for i > 0.
As an application of the latter theorem, we get the non-existence of
amenable Clifford-Klein forms for almost all pseudo-Riemannian symmetric
spaces.
Theorem 2. Non-compact pseudo-Riemannian symmetric spaces G/H of
absolutely simple non-compact connected linear real Lie groups do not admit
amenable compact Clifford-Klein forms, with, possibly, the following excep-
tions:
SO(n,m)/SO(n− k,m)× SO(k), with 0 < n ≤ m; m, n even, k odd,
SU(2p, 2q)/Sp(p, q), SU(2m− 1, 2m− 1)/SO∗(4m− 2).
In the same way, we get the following.
Theorem 3. Non-compact pseudo-Riemannian 3-symmetric spaces G/H of
absolutely simple non-compact connected linear real Lie groups do not admit
amenable compact Clifford-Klein forms, with, possibly, the following excep-
tions:
SO(3, 5)/G2(2).
Finally, let us mention topological obstructions to the existence of Clifford-
Klein forms found by Y. Morita [17], [18] and N. Tholozan [22]. Note that
Hirzebruch’s proportionality principle has already been used in the context of
symmetric spaces (for instance in [14], Corollary 3.6.4): a semisimple sym-
metric space Sp(2n,R)/Sp(n,C) does not admit a compact Clifford-Klein
form.
Acknowledgment. We thank Dmitri Alekseevsky and Ioannis Chrysikos
for answering our questions.
2 Preliminaries
2.1 Homogeneous spaces and their Clifford-Klein forms
Throughout this paper we use the basics of Lie theory without further ex-
planations. One can consult [10]. We denote Lie groups by G,H, ..., and
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their Lie algebras by the corresponding Gothic letters g, h.... The symbol
gC denotes the complexification of a real Lie algebra g. We also use re-
lations between Lie groups and algebraic groups following [8] and [24]. If
G ⊂ GL(n,C) is an algebraic R-group, then G = GR = G ∩ GL(n,R) is a
Lie group with a finite number of connected components.
Assume that G is a semisimple Lie group, and H ⊂ G is a closed con-
nected subgroup. We use without further explanations the notion of the
Cartan decomposition g = k+ p and the related Cartan involution θ. Let K
denote a maximal compact subgroup in G corresponding to k. Then one can
obtain the Iwasawa decomposition
g = k+ a+ n
where a is a maximal abelian subalgebra in p, and n is nilpotent, while a+ n
is a solvable subalgebra in g. On the Lie group level, one obtains the global
Iwasawa decomposition G = KAN which is a topological decomposition into
a direct product.
Let X be a Hausdorff topological space and Γ a topological group acting
on X. We say that an action of Γ on X is proper if for any compact subset
S ⊂ X the set
{γ ∈ Γ | γ(S) ∩ S 6= ∅}
is compact. In particular, this article is devoted to the proper actions of a
discrete subgroup Γ ⊂ G on G/H by left translations. We consider homoge-
neous spaces G/H of reductive type, which means, by definition, that there
exists a Cartan involution θ on g such that θ(h) ⊂ h. Using the Cartan
involution, one can obtain the compatible Cartan decomposition
h = kH + pH , kH = k ∩ h, pH = p ∩ h,
on the Lie algebra level and we can choose a maximal abelian subalgebra in
pH so that aH ⊂ a.
The main result of this article deals with symmetric spaces. The latter
are homogeneous spaces G/H , where G is a Lie group, and H is a closed
subgroup in G such that
Gσ0 ⊂ H ⊂ G
σ. (1)
Here Gσ = {g ∈ G | σ(g) = g} is a subgroup of fixed points of an involutive
automorphism of G, and Gσ0 denotes the identity connected component of
G. Note that we don’t assume that G/H is Riemannian (the latter case is
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well known: Riemannian symmetric spaces always have Clifford-Klein forms
by a classical result of Borel). Any symmetric space G/H determines a
symmetric pair (g, h). The subalgebra h is the subalgebra of the fixed points
of the differential of σ. Note that throughout the paper we denote it by the
same letter:
h = gσ = {X ∈ g | σ(X) = X}.
In the same way, we consider pseudo-Riemannian 3-symmetric spaces, which
are defined by the similar condition 1, but with the requirement that σ is an
automorphism of G of order 3. These spaces were classified by Wolf and Gray
[26],[27]. Various interpretations of this class as well as its role in geometry
are described in [15].
Recall that we say that G/H admits a compact Clifford-Klein form if
there exists a discrete subgroup Γ ⊂ G acting properly and co-compactly
on G/H . Finally, recall that solvmanifolds are the homogeneous spaces of
connected solvable Lie groups. In the proof of Theorem 1 we will need the
following classical result.
Theorem 4 ([6], Chapter 8). The Euler characteristic of a compact solv-
manifold vanishes.
Remark 1. One can see that the Euler characteristic of a solvmanifold is
zero without the reference [6] just by looking at the classical construction
of the Mostow bundle: let Γ \ B be a solvmanifold, determined by a lattice
Γ ⊂ B. Let NB be the nil-radical of B. There is a fiber bundle
Γ ∩NB \NB → Γ \B → ΓNB \B
where ΓNB \B is diffeomorphic to a torus.
Also, we need a classical theorem of Auslander and Szczarba.
Theorem 5 ([1]). The real Pontryagin classes of any compact solvmanifold
vanish.
Throughout this paper we consider characteristic classes of vector bundles
[16]. In particular we write pi(E) considering i-th Pontryagin class of vector
bundle E. If M is a manifold, we write pi(M) meaning that pi is the i-th
Pontryagin class of the tangent bundle: pi(M) = pi(TM).
Finally, let us recall that a discrete group Γ is amenable, if it admits a
finitely additive probability measure.
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2.2 Hirzebruch’s proportionality principle
Let G/H be a homogeneous space of reductive type. Let Gu be a compact
real form of a (connected) complexification GC of G and let Hu be a compact
real form of HC ⊂ GC. The space Gu/Hu is called the homogeneous space of
compact type associated with G/H (or dual to G/H). Groups Gu, Hu are
called the compact duals of G and H, respectively.
Theorem 6 ([12], Theorem 4, [13], Corollary 3.8). Assume that a discrete
subgroup Γ ⊂ G acts on G/H freely and properly. Then there is a natural
map
η : H∗(Gu/Hu,R)→ H
∗(Γ \G/H,R)
which sends the Pontryagin classes of Gu/Hu to those of Γ\G/H. If Γ\G/H
is compact then η is injective. Also, it sends the Euler class of Gu/Hu to the
Euler class of Γ \G/H.
In our proofs we essentially use a result in [13] which we now describe. Let ρ :
H → GL(V ) be a representation of H in a real vector space V . Analogously
let ρu : Hu → GL(Vu) be a representation of Hu. Consider the following
vector bundles:
E : Γ\G×ρ V → Γ\G/H and Eu : Gu ×ρu Vu → Gu/Hu.
Theorem 7 ([13],Theorem 3.7). Assume that the complexifications of ρ and
ρu are isomorphic. Then the i-th real Pontryagin class satisfies
η(pi(Eu)) = pi(E).
Remark 2. Hirzebruch proved in [7] the “proportionality principle” for the
Chern numbers of bounded Hermitian symmetric domains and their compact
duals.
2.3 Syndetic hull
We will need the notion of a syndetic hull [23].
Definition 1. A syndetic hull of a subgroup Γ of a Lie group G is a subgroup
B of G such that B is connected, B contains Γ and Γ \B is compact.
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In the sequel we will need Theorem 8 on the existence of some syndetic
hulls.
Theorem 8 ([4], Section 1.6). Let V be a finite-dimensional real vector space
and Λ a virtually solvable subgroup of GL(V ). Then there exists at least one
closed virtually solvable subgroup S ⊂ GL(V ) containing Λ such that:
i) S has finitely many components and each component meets Λ;
ii) (syndeticity) there exists a compact set K ⊂ H such that S = K · Λ;
iii) S and Λ have the same Zariski closure in GL(V ).
Recall that a real algebraic group T is a torus, if T is abelian and Zariski
connected, and every element of T is semisimple. A torus T is R-split, if
every element of T is diagonalizable (and, therefore, hyperbolic).
Lemma 1 ([25]). Let T be a torus. If Tsplit is the maximal R-split subtorus
of T , and Tcpt is the maximal compact subtorus of T , then
T = Tsplit · Tcpt
and Tsplit ∩ Tcpt is finite.
We will also need the following well known fact (see [28]).
Proposition 1. Let Γ be a (co-compact) lattice in a locally compact topolog-
ical group L, and L1 be a normal subgroup. Let π : L→ L/L1 be the natural
projection onto the quotient group. Then Γ ∩ L1 is a (co-compact) lattice in
L1 if and only if π(Γ) ⊂ L/L1 is a (co-compact lattice) in L/L1.
Lemma 2. If a solvable subgroup Γ ⊂ G acts properly and co-compactly on
G/H, then there exists a solvable subgroup Γ0 ⊂ AN that acts properly and
co-compactly on G/H.
Proof. Since G is connected and linear, G ⊂ GL(V ). Take the Zariski closure
L = Γ¯ and apply Theorem 8 to Γ (instead of Λ). We obtain that there exists
a subgroup B1 ⊂ GL(V ) such that Γ ⊂ B1 and Γ¯ = B¯1 = L ⊂ G (that is, we
have B1 instead of S in Theorem 8). Since L is the Zariski closure of Γ, it is
also solvable. Thus we obtain a (virtually) solvable subgroup B1 such that
Γ \ B1 is compact. Consider the connected component B of B1. Clearly, B
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must be solvable. Since the Lie subgroup B1 contains a uniform lattice Γ, so
does B as B1 has finitely many connected components.
In general the inclusion B ⊂ AN does not hold, but we may assume this
in our context, because of the argument below. Note that L = Γ¯ = B¯ is real
algebraic, and, hence it is a semidirect product
L = T¯ ⋉ U¯
of a torus, and a unipotent subgroup U¯ . By Lemma 1
T¯ = Tsplit · Tcpt.
Take L1 = Tsplit⋉U , a normal and co-compact subgroup of L. It follows that
B ∩L1 is normal in B and B/B ∩L1 is a closed subgroup in the (Lie) group
L/L1. By Proposition 1 we see that Γ0 := Γ∩ (B ∩L1) is a lattice in B ∩L1
(and in B as L/L1 is compact). Therefore Γ0 acts properly and co-compactly
on G/H. It suffices to show that L1 ⊂ AN. But any solvable subgroup of
G that is generated by unipotent and hyperbolic elements is conjugate to a
subgroup of AN (this is basically a generalization of the fact that a collection
of commuting triangularizable matrices can be simultaneously triangularized,
see the proof of Theorem 17.6 in [8]). The proof of Lemma 2 is complete.
2.4 Duality of symmetric spaces
Let G/H be a (pseudo-Riemannian) symmetric space. Using the Killing form
of g we get two orthogonal decompositions on the Lie algebra level. The first
one is given by the eigenspaces of the Cartan involution θ, and the second
one by σ:
g = k+ p, g = h+m.
Without loss of generality we may assume that θ and σ commute. This yields
the decompositions of k and p with respect to σ:
k = k⊥H + kH , p = pH + p
⊥
H ,
where h = kH + pH . Note that
[kH , p
⊥
H ] ⊂ p
⊥
H and [p
⊥
H , p
⊥
H ] ⊂ kH .
Therefore
(d, kH), d := kH + p
⊥
H
is a symmetric pair given by the involution σθ. One can see that d ⊂ g, and
that (g, d) is also a symmetric pair.
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Definition 2. The pair (g, d) is called the symmetric pair associated to (g, h).
Note also that since (gu, k) and (gu, hu) are also symmetric pairs, we obtain
analogous decompositions of compact duals:
gu = k+ pu, gu = hu +mu.
One can see that
kH = kHu pu = pHu + p
⊥
Hu
.
Let D ⊂ G denote a connected group corresponding to d and Du the compact
dual of D.
In what follows it will be useful for the reader to have in mind the following
table of the “dualities”:
G/K ←→ Gu/K, G/H ←→ Gu/Hu
H/KH ←→ Hu/KH , G/KH ←→ Gu/KH .
as well as the corresponding decompositions of the considered Lie algebras:
g = k+ p, gu = k+ pu, g = h+m, gu = hu +mu,
k = kH + k
⊥
H , p = pH + p
⊥
H , pu = pHu + p
⊥
Hu
,
h = kH + pH , hu = kH + pHu ,
d = kH + p
⊥
H , du = kH + p
⊥
Hu
,
g = kH + k
⊥
H + pH + p
⊥
H , gu = kH + k
⊥
H + pHu + p
⊥
Hu
.
3 Proof of Theorem 1
3.1 The case of maximal rank
We begin with the simplest case which follows from the Kobayashi and Ono
theorem in a straightforward manner.
Proposition 2. Let G/H be a non-compact homogeneous space of reductive
type. Assume that rank G = rank H. Then no solvable Γ can yield a compact
Clifford-Klein form of G/H.
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Proof. Let K and KH be as in Section 2. Let Γ ⊂ G be a discrete subgroup
determining a compact Clifford-Klein form. Note that all the arguments with
the compactness property can be performed up to subgroups of a finite index
in Γ, so throughout this paper we do not distinguish them. In particular, we
may assume that Γ acts co-compactly and freely on X. Consider the fiber
bundles
H/KH → G/KH → G/H, andK/KH → G/KH → G/K,
and
K/KH → Γ \G/KH → Γ \G/K. (2)
Since H/KH is diffeomorphic to some euclidean space, Γ\G/KH and Γ\G/H
have the same homotopy type. Clearly, the classifying space for Γ is BΓ =
Γ \G/K, therefore χ(Γ) = χ(Γ \G/K). Looking at 2 we write down
χ(Γ \G/H) = χ(Γ \G/KH) = χ(K/KH) · χ(Γ). (3)
By assumption, G and H have equal ranks, hence the same is valid for Gu
and Hu. It is a classical result that χ(Gu/Hu) 6= 0, and that the Euler class
of T (Gu/Hu) is not zero. By Theorem 6 the Euler class e(T (Γ \ G/H)) and
the Euler characteristic χ(Γ\G/H) also do not vanish. On the other hand, if
Γ is solvable and acts on G/H , with a compact quotient, it admits a syndetic
hull B, by Theorem 8, and, therefore, Γ \ B is a compact solvmanifold. By
Theorem 4, χ(Γ \ B) = 0. Note that by [28], Theorem 3.14, the group
Γ contains a finite index subgroup which can be embedded into a simply
connected solvable Lie subgroup B˜ as a lattice. Hence, χ(B˜/Γ) = χ(Γ) = 0.
Comparing this with 3 yields a contradiction, hence Γ cannot be solvable.
3.2 A Lie cohomology obstruction
Assume that G/H admits a solvable Clifford-Klein form Γ and let B be a
(connected) syndetic hull of Γ. Let g, h, b be the Lie algebras of G,H,B,
respectively. Denote by ΓH a co-compact lattice in H (it exists because H is
reductive). It is easy to see that MB := ΓH\G/B is a compact manifold of
dimension dimMB := n. Since B is unimodular we have
(Λn(g/b)∗)B 6= 0.
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Take any non-zero Φ ∈ (Λn(g/b)∗)B. Then Φ induces a G-invariant form on
G/B which gives a volume form on MB. Therefore
Hn(g, b,R) 6= 0.
Let A ⊂ B be any closed connected subgroup and denote by a the Lie
algebra of A. Consider the following commutative diagram
Hn(g, b,R) Hn(g, a,R)
Hn(MB,R) H
n(ΓH\G/A)
f
η
π∗
g
As π∗ is given by a fibration with a contractible typical fiber
B/A→ ΓH\G/A
pi
→ ΓH\G/B,
thus π∗ is an isomorphism. We obtain the following lemma
Lemma 3. If G/H admits a solvable Clifford-Klein form then the map
0 6= Hn(g, b,R)
η
→ Hn(g, a,R)
is injective.
Proof. Since f and π∗ are injective thus the injectivity of η follows from the
commutativity of the diagram.
Example 1. The 3-symmetric spaces
A := SO(4, 4)/SU(1, 2), B := SO(4, 4)/G2(2)
do not admit solvable compact Clifford-Klein forms.
Proof. Put a = {0} in Lemma 3.2. We obtain that the map
Hn(g, b,R)
η
→ Hn(g,R)
has to be injective, where n = 16 for A and n = 21 for B. It follows from
Lemma 3.7 and Proposition 3.9 in [12] (by putting h = {0}) that
H∗(g,R) ∼= H∗(gu,R),
where gu is the compact dual of g. In our case gu = so(8), dimso(8) = 28
which cohomology ring has generators in degrees
3, 7, 11, 7.
It follows that H16(g,R) = H20(g,R) = 0. Thus η is not injective.
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3.3 Obstructions coming from Pontryagin classes
Let Γ\G ×ρ V and Γ\Gu ×ρu Vu be two vector bundles such that ρ and ρu
have isomorphic complexifications (see Section 2.2).
Proposition 3. Assume that G/H admits a solvable Clifford-Klein form.
For the representation ρ : H → V and its restriction onto KH , the following
conditions are equivalent:
• pi(K ×KH V ) = 0
• pi(Γ\G×KH V ) = 0
• pi(Γ\G×H V ) = 0
• pi(Gu ×Hu Vu) = 0
Proof. Recall that G has a decomposition G = NAK. Thus Γ\G/KH ∼=
Γ\AN × (K/KH), as we may assume that Γ ⊂ AN. Now we make two
straightforward general observations. First, if L ⊂ P ⊂ G is a triple of Lie
groups and L acts linearly on a vector space V , then P ×L V is the pullback
of G ×L V under the inclusion i : P/L → G/L. Second, if P = P1 × P2
is a product of manifolds, and G → P2 → P2/G is a principal G-bundle,
then, assuming that G acts trivially on P1, one obtains a principal G-bundle
G → P1 × P2 → P1 × P2/G. In this case, for any linear action of G on a
vector space V , the associated vector bundle (P1 × P2)×G V is the pullback
of G → P2 → P2/G under the projection q2 : P1 × P2 → P2. Applying
these observations to KH ⊂ K ⊂ G, any representation V and the product
(Γ \ AN)×K one can write
pi((Γ \ AN ×K)×KH V = pi(Γ \G×KH V ) = q
∗
2pi(K ×KH V ).
It follows that pi(K ×KH V ) = 0 if and only if
pi(Γ\G×KH V ) = 0 (4)
as q∗2 is injective. Consider the commutative diagram
G×KH V
pi
−−−→ G×H V


y


y
G/KH −−−→ G/H
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We have already mentioned that G ×KH V = π
∗(G ×H V ). Let us make
the following general remark. Assume that E → B is a vector bundle, and
f : B′ → B is a map, and assume that a group Γ acts on E, B′ and B
in a way that it commutes with f and preserves the structure of the vector
bundle. Then, Eˆ = E/Γ → B/Γ is again a vector bundle, and there is a
commutative diagram
f ∗(E)/Γ −−−→ E/Γ


y


y
B′/Γ
fˆ
−−−→ B/Γ
and fˆ ∗(E/Γ) = (f ∗E)/Γ. Applying this general obsevation to the case G/KH
and G/H one can write
(Γ \G)×KH V = πˆ
∗(Γ \G×H V ).
The latter yields
pi(Γ \G×KH V ) = πˆ
∗pi(Γ \G×H V ).
Also, we have the commutative diagram
(Γ \G)×KH V
pˆi
−−−→ Γ \G×H V


y


y
Γ \G/KH
pi2−−−→ Γ \G/H
which yields
πˆ∗pi(Γ \G×H V ) = π
∗
2pi(Γ \G×H V ) = pi(Γ \G×KH V ) = 0.
But π∗2 is an isomorphism, since Γ \ G/KH and Γ \ G/H have the same
homotopy type, hence pi(Γ\G×H V ) = 0 if and only if pi(Γ\G×KH V ) = 0.
Using the Hirzebruch proportionality principle (Theorem 6), we conclude
that
η(pi(Gu ×Hu V ) = pi(Γ \G×H V )
and since η is injective, we get the result.
Remark 3. By the definition of q∗2 it follows that if V is a KH-module then
pi(K ×KH V ) = 0 if and only if pi(Γ\G×KH V ) = 0.
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Proposition 4. If pi(G×KH (p
⊥
H + pH)) 6= 0 for some i > 0 then G/H does
not admit solvable compact Clifford-Klein forms.
Proof. Consider the fibration
K/KH → Γ\G/KH
l
→ Γ\G/K ∼= Γ\AN.
Since Γ\AN is a solvmanifold it follows from the theorem of Auslander and
Szczarba that pi(Γ\AN) = 0 for any i > 0. As rational Pontryagin classes
are topological invariants we have pi(Γ\G/K) = 0. By the pullback via l we
obtain
pi(G×KH (p
⊥
H + pH)) = 0. (5)
Let G/H be a symmetric space. Let (g, h) be the corresponding sym-
metric pair and (g, d) be the associated symmetric pair. Let also Gu, Hu, Du
denote the compact duals of G,H,D, respectively. Also letK be the maximal
compact subgroup of G and KH the maximal compact subgroup of H .
Corollary 1. If for some i > 0
pi(K/KH) = pi(Gu/Du) = 0 6= pi(Gu/Hu),
then G/H does not admit solvable compact Clifford-Klein forms.
Proof. It follows from Proposition 2.2 that if pi(Gu/Hu) = pi(Gu ×Hu (k
⊥
H +
p⊥Hu)) 6= 0 then also
pi(Γ\G×KH (k
⊥
H + p
⊥
H)) 6= 0. (6)
Consider the following fiber bundle
Du/KH
i
→ Gu/KH → Gu/Du.
Since pi(Gu ×Du (k
⊥
Hu
+ pHu)) = 0 ( where Gu×Du (k
⊥
Hu
+ pHu) is the tangent
bundle of Gu/Du)it follows that the pullback bundle has the same property,
that is
pi(Gu ×KH (k
⊥
Hu
+ pHu)) = 0.
By Theorem 6 we obtain
pi(Γ\G×KH (k
⊥
H + pH)) = 0. (7)
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Since pi(K ×KH k
⊥
H) = 0 it follows from Remark 3 that
pi(Γ\G×KH k
⊥
H) = 0 (8)
Using (7), (8), Proposition 4 and the Whitney sum formula one easily shows
that
pi(G×KH (k
⊥
H + p
⊥
H)) = 0,
but this contradicts (6).
To complete the proof we need only to recall the Tits alternative, which
shows that since there are no solvable Clifford-Klein forms in the considered
cases, there are also no amenable ones (as the free group on two generators
is non-amenable).
4 Proof of Theorem 2
To classify symmetric spaces that may admit solvable Clifford-Klein forms we
take the Table A.1 in [19] of all symmetric spaces that admit proper SL(2,R)
actions (if a non-compact reductive space of a semisimple Lie group admits
a compact Clifford-Klein form it also admits a proper action of SL(2,R), see
[19]). Using Proposition 2, we exclude rows that contain spaces of maximal
rank and rows with spaces that do not admit compact Clifford-Klein forms
listed in [17]. This way we obtain the following list of symmetric pairs:
• exceptional pairs:
(e6(2), sp(3, 1)), (e6(−14), f4(−20)).
• classical pairs:
SO(n,m)/SO(n− k,m)× SO(k), with 0 < n ≤ m; m, n even; k odd,
SU(2p, 2q)/Sp(p, q), SU(2m− 1, 2m− 1)/SO∗(4m− 2).
Exceptional pairs can be settled by the following arguments.
Case 1: The non-compact symmetric space determined by the symmetric
pair (e6(−14), f4(−20)) does not admit solvable Clifford-Klein forms.
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Proof. Assume that that the latter symmetric space admits a solvable Clifford-
Klein form. Put a = {0} in Lemma 3.2. We obtain that the map
H62(g, b,R)
η
→ H62(g,R)
has to be injective. It follows from Lemma 3.7 and Proposition 3.9 in [12]
(by putting h = {0}) that
H∗(g,R) ∼= H∗(gu,R),
where gu is the compact dual of g. In our case gu = e6, dime6 = 78 which
cohomology ring has generators in degrees
3, 9, 11, 15, 17, 23.
It follows that H62(gu,R) = H
62(g,R) = 0. This contradicts the fact that
H62(g, b,R) 6= 0 and η is injective.
Case 2: The non-compact symmetric space determined by the symmetric
pair (e6(2), sp(3, 1)) does not admit solvable Clifford-Klein forms.
Proof. We have
Gu/Hu = E6/Sp(4), K/KH = SU(6)/Sp(3), Gu/Du = E6/F4.
It follows from Theorem 6.18 and Theorem 6.21 in [20] that p2(Gu/Hu) 6= 0
and p2(Gu/Du) = 0 and from Section 3.2 in [21] that p2(K/KH) = 0.
5 Proof of Theorem 3
The proof is obtained by a combination of Example 1, Proposition 2 and the
classification of non-compact 3-symmetric spaces of simple and absolutely
simple real Lie groups in [26],[27].
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